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Problem

Convex energy minimization problem

u=argmin 7(v),  J(v) = /ngﬁ(|Vv|) ~ fudx. (1)

veHE ()

» ¢ € C'(RT,R") convex
> $(0) =0, ¢'(0) =0

» ¢’ is Lipschitz-continuous (ac) and strongly monotone (am)
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Problem

Convex energy minimization problem

u=argmin J(v), J(v) = /Q¢(|Vv|) — fvdx. (1)

veEH ()

» ¢ € CH(RT,R™) convex
> $(0)=0,4'(0)=0

» ¢’ is Lipschitz-continuous (ac) and strongly monotone (am)
Equivalently, u € Hg () solves the Euler-Lagrange equation
(a(|Vu|)Vu, Vv)a = (f,v)a  forall v e Hy(). (2)

with nonlinear effective diffusivity a(s) == ¢'(|s|)/|s| and nonlinear flux A(Vu) := a(|Vu|)Vu.
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Problem

Convex energy minimization problem

u = argmin J(v), J(v) = o(|Vv]) — fvdx. (1)
veHE () Q

» € CH(RT,RT) convex

> $(0)=0,4'(0)=0

» ¢’ is Lipschitz-continuous (ac) and strongly monotone (am)

Example ("Kink-nonlinearity")

Define the potential for ac > a, > 0 via

am, S < sp,
()

ac, else.
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Research goals
ANR & DFG project RANPDEs

> Perform analysis in terms of the energy difference T (u;) — J(u) (done for Hl-seminorm error e.g. in
[BBDL, '25], [KV, '19], [ESV, '16], [BPS, '09], for norm errors in general e.g. in [HW, '20]), and for energy
difference in a quasi-linear case e.g. in [HPW, '21]
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Research goals
ANR & DFG project RANPDEs

> Perform analysis in terms of the energy difference J (uy) — J(u)
[BBDL, '25], [KV, '19], [ESV, '16], [BPS, '09] [HW, '20]
[HPW, '21]
> Define minimal abstract conditions that lead to contraction of the energy difference with an optimal rate

> Comprise the existing a posteriori error estimators

> Local nonlinearity contrasts versus existing work with global ratio 2= ( [GHPS, '21])

> Apply framework to concrete estimators

Localized energy-based perspective, with focus on the a posteriori error estimators

Motivation Benjamin Zurich, Lukas Renelt 4
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Notation

FONES

v

Q ¢ RY: bounded Lipschitz domain
> T simplicial and conforming triangulation
> V. set of vertices on mesh level ¢

> VP(T;) : piecewise polynomials of degree p on the mesh T,

v

T : collection of all possible conforming refinements of the initial triangulation 7, obtained by iterative
bisection and subsequent conforming closure.

v

Ty C T : set of all refinements which have at most N more elements compared to the initial
triangulation 7o
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Energy-norm equivalence
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Energy-norm equivalence

Usually: if we "pay” the constants am / ac, we could then reuse (parts of) the analysis of the quadratic problem
as

SV (e = w)ll < T (ue) = T (u) < SV (e = )] (3)
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Energy-norm equivalence

Usually: if we "pay” the constants am / ac, we could then reuse (parts of) the analysis of the quadratic problem
as

2N e = )| < T (ue) = T () < S|V (we = w)| (3)

For highly contrasted nonlinearities, the constant a. can be arbitrarily bad (— kink-example)

Let u € Hy(Q) be the minimizer and v € Hy(Q) arbitrary. Then, there holds

T(v) = T (u) = 3lp(Vv, ~A(Vu)V(u - v)|. (4)

The weight p is globally bounded as a, < p < ac.
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Energy-norm equivalence

Usually: if we "pay” the constants am / ac, we could then reuse (parts of) the analysis of the quadratic problem
as

2N e = )| < T (ue) = T () < S|V (we = w)| (3)

For highly contrasted nonlinearities, the constant a. can be arbitrarily bad (— kink-example)

Let u € Hy(Q) be the minimizer and v € Hy(Q) arbitrary. Then, there holds

T(v) = T (u) = 3lp(Vv, ~A(Vu)V(u - v)|. (4)

The weight p is globally bounded as a, < p < ac.

Similar equality holds with a weighted flux difference, as well as for the primal-dual gap J(u) — J"(v)
Consequence: (4) is a powerful equality (delivers at least localization), provided we can estimate p well locally
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Pointwise bounds for p
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Pointwise bounds for p

o

One can show that p admits direct relation with a*(r) := (¢*)'(r)/r and ¢".
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Pointwise bounds for p

g
|

3
Z

One can show that p admits direct relation with a*(r) = (¢*)'(r)/r and ¢".
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Abstract conditions for contraction

o

We assume the following
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Abstract conditions for contraction

We assume the following

1. A reliable estimator 7,:

T (ue) = J(u)

(7)

IN
3
B
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Abstract conditions for contraction

We assume the following

1. A reliable estimator 7,:

T (ue) = JI(u) < 7

2. A guaranteed lower bound on the energy decrease:

0 <mn, < J(u)— T(ues1).
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Abstract conditions for contraction

We assume the following

1. A reliable estimator 7,:

T (ue) = JI(u) < 7

2. A guaranteed lower bound on the energy decrease:
0 <mn, < J(ue)— T (ues1).

3. Both estimators are localizable:

> Z C|oc7747 ﬁ[ S Zflaocﬁ;

aceVy acVy

with 0 < Coe and C2_ > 0 uniformly bounded, and 73, n; positive.
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Abstract conditions for contraction

We assume the following

1.

A reliable estimator 7,:

T (ue) = T (u) < 7, (7)
. A guaranteed lower bound on the energy decrease:
0 <, < T(u)— T(ues). (8)
. Both estimators are localizable:
— —=a __
Z Cloc 77[7 T S Z Cloc 7];7 (9)
acVy acVy
with 0 < Cp. and C7 > 0 uniformly bounded, and 7, QZ positive.
. Discrete efficiency:
My < Caert 1, (10)
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Abstract conditions for contraction

We assume the following

1.

A reliable estimator 7,:

T (ue) = T (u) < 7. (7)
. A guaranteed lower bound on the energy decrease:
0 < n, < J(ue)— T (ues). (8)
. Both estimators are localizable:
— —=a __
2 Z G 77@7 My < Z Cloc 77 9)
acVy acVy
with 0 < Cioe and C2_ > 0 uniformly bounded, and 73, n; positive.
. Local discrete efficiency:
7 < Cherrnys (10)
with Cig uniformly bounded.
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Adaptive loop
Algorithm

FONES

Standard AFEM-loop
SOLVE — ESTIMATE — MARK — REFINE (AFEM)
with the components

m SOLVE: Compute the discrete minimizer u; on the current refinement level ¢ by solving the corresponding
weak formulation.

m ESTIMATE: Compute the local indicators 77 from the current approximation uy.

m MARK: Based on the local indicators 77, determine a set M, C V; fulfilling the marking criterion [Dorfler,
'96]
> Cop > 0 Coctiy- (11)
acM, acVy

where 0 < 6 < 1 is a fixed marking parameter.

m REFINE: Return a new mesh 7y41 := REFINE(7y, M/) € T which is a refinement of 7; by newest vertex
bisection (potentially multiple times) + conforming closure.
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Contraction AN | @ s é&u’a,-
Theorem and insights into part Il

i

Typically, Cyerr makes global ratio :—; appear
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Contraction
Theorem and insights into part 1l

Let (us)een be the sequence of approximations generated by the adaptive loop and assume the conditions 1. to
4. hold. Then the energy difference contracts in each iteration, i.e. for any £ € N with uy # u it holds that

. -1
J(uet1) — T (u) < 1-% - Cioc Clerr -1
T (1) = T (1) _ L —0 Cloc Caet < 1 (Ce 1
T -6 < Ta F A N
~——

—loc
worst case

~~
computable only features local ratios

Typically, Cyerr makes global ratio :—; appear

Using locality, we obtain a better bound based only on local ratios
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Contraction
Theorem and insights into part 1l

Let (us)een be the sequence of approximations generated by the adaptive loop and assume the conditions 1. to
4. hold. Then the energy difference contracts in each iteration, i.e. for any £ € N with uy # u it holds that

—a ., =1
J) =T _ L _ 1_0<max{c.ocfdeﬁ}> L et =
N————

T (ue) = T (u) e acM,
——

computable

—loc
worst case

~~
only features local ratios

Typically, Cyerr makes global ratio :—; appear
Using locality, we obtain a better bound based only on local ratios

Local constants depend on ¢"" — full robustness not attainable
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Contraction
Theorem and insights into part 1l

Let (us)een be the sequence of approximations generated by the adaptive loop and assume the conditions 1. to
4. hold. Then the energy difference contracts in each iteration, i.e. for any £ € N with uy # u it holds that

. -1
J(uet1) — T (u) < 1-% - Cioc Clerr -1
T (1) = T (1) _ L —0 Cloc Caet < 1 (Ce 1
T -6 < Ta F A N
~——

—loc
worst case

~~
computable only features local ratios

. s
Typically, Cyerr makes global ratio 2< appear

Using locality, we obtain a better bound based only on local ratios
Local constants depend on ¢"" — full robustness not attainable

However: shows better behavior for smooth nonlinearities (see concrete illustration in Part I1)
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Optimality

Approximation class
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Optimality

Additional assumptions and theorem

FONES

If we further assume
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Optimality

Additional assumptions and theorem

FONES

If we further assume
5. Quasi-minimality of the marked set

6. Discrete reliability: For any mesh 7y, let S¢ C V¢ be a marked set and define 'TZ := REFINE(7,, S¢). With
ug, Uy the discrete minimizers on the respective meshes, it holds that

J(UZ) - j(ﬂé) < Z Céarel EI;:)c ﬁ? (13)

acV}(Sy)
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Optimality

Additional assumptions and theorem

If we further assume
5. Quasi-minimality of the marked set
6. Discrete reliability: For any mesh 77, let S; C V; be a marked set and define 7; = REFINE(7;, S¢). With
ug, Uy the discrete minimizers on the respective meshes, it holds that

T(we) = J(e) < D Cia CocTii- (13)

acV}(Sy)

Then there holds (following the lines of the proof in [CFPP, '14]):

Let the marking parameter 0 < 6o be sufficiently small and let (T¢)ecn be the sequence of meshes generated by
the adaptive algorithm (AFEM). Then the energy difference of the corresponding approximations (u;)een
converges with the optimal rate w.r.t. #DOFs, i.e. for any s > 0 there holds

Copt [[uflas < zug{(#ﬁ —#T0+1)°(J(ur) = T(W)} < Copt ||ullas. (14)
€
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Conclusion / outlook
Part |

FONES

> We defined minimal abstract conditions for optimal contraction
> We derived new relation between energy difference and a weighted H'-seminorm

> We showed an improvement in the global contraction factor by using localized estimators

Work in progress

> Show global contraction for the full algorithm with linearization and iterative solver included.
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Conclusion / outlook
Part |

FONES

> We defined minimal abstract conditions for optimal contraction
> We derived new relation between energy difference and a weighted H'-seminorm

> We showed an improvement in the global contraction factor by using localized estimators

Work in progress
> Show global contraction for the full algorithm with linearization and iterative solver included.

By [GHPS, '21], this would also imply optimality w.r.t. the total computational cost
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estimators




Overview

FONES

Part I: Optimal contraction with given upper- and lower bound estimators

— Part 1l: How do established a posteriori estimators fit into this framework?
What about the localized constants?
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Overview

FONES

Part I: Optimal contraction with given upper- and lower bound estimators

— Part 1l: How do established a posteriori estimators fit into this framework?
What about the localized constants?

We will discuss:

> An upper bound 7, := nnux,¢ using flux-equilibration (linear)

> A lower bound 1, = Tenergy ¢ using local energy minimization (nonlinear)
> Linear local residual liftings nyesiift,e
>

A residual upper bound 7)es.¢ (element- and face residuals)
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Overview

Part I: Optimal contraction with given upper- and lower bound estimators

— Part 1l: How do established a posteriori estimators fit into this framework?
What about the localized constants?

We will discuss:
> An upper bound 7, := nnux,¢ using flux-equilibration (linear)
> A lower bound 7, = Tenergy. using local energy minimization (nonlinear)
> Linear local residual liftings nyesiift,e

> A residual upper bound 7yes,¢ (element- and face residuals)

All localizations will be based on vertex-patches w,!

Locally, there holds

a a a a
Tlux, € 5 Mres, ¢ S Tlreslift, ¢ 5 Tlenergy, ¢

Part Il: Application to flux, residual and energy descent estimators

Benjamin Zurich, Lukas Renelt

FONES
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Flux-based upper bound 7, lrzia—~

o

Idea: Construct a dual object oy € H(div,Q2), V-0, = II4f from u; € V)

Ansatz: Linear equilibration of nonlinear flux [HMRV, '24] (here also allowing for higher degree g > p)

o= o, of = arg min 1”155 (A(V ) + wellwy — (15)
acvy wy ERT (T )NH(div,wa)
Vowp=11,(p?F=Vp?-A(Vup))

> Linear, homogeneous local Neumann-problem with divergence constraint
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Flux-based upper bound 7,y ¢

Idea: Construct a dual object oy € H(div,Q2), V-0, = II4f from u; € V)

Ansatz: Linear equilibration of nonlinear flux [HMRV, '24] (here also allowing for higher degree g > p)

o= ol ol = arg min TS (AT ) + well,  (15)
acvy wy ERT (T )NH(div,wa)
Vowp=11,(p?F=Vp?-A(Vup))

> Linear, homogeneous local Neumann-problem with divergence constraint

> One has the localized upper bound (neglecting data oscillation)
T(u) —T(u) = T(uw)— T (o) (strong convex duality / "Prager-Synge”)

< J(we) — T (o) (=:71,, computable)
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Flux-based upper bound 7, ¢

Idea: Construct a dual object oy € H(div,Q2), V-0, = II4f from u; € V)
Ansatz: Linear equilibration of nonlinear flux [HMRV, '24]
. a a. : a
o=y of, of = argmin (| (A(Vue)) + wellw, (15)
acv, w[,eRTq(T;)r‘]H(div,wa)

Vowp=11,(p?F=Vp?-A(Vup))

> Linear, homogeneous local Neumann-problem with divergence constraint

» One has the localized upper bound

TJ(w) —Tw) = J(u)—JT" (o) (strong convex duality / "Prager-Synge”)
< J(w) =T (o0) (=:71,, computable)
< Z (d+1) sup {p(Vue,00)} 310 A(Vue) +of |2, (computable & localized)

XEwy
acVy ~ :iﬁ;
::Ci)c
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A localized lower bound estimator 1),
Local energy minimization

Task: Given the refinement 7; — To41, estimate J (u¢) — J (ue+1) from below
— Compute lifting Tr+1 ~ up1 of ug:

T(ue) — T(uesr) > T(ue) — T (bes)

(ug+1 minimizer).
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A localized lower bound estimator n,
Local energy minimization

Task: Given the refinement 7; — To41, estimate J (u¢) — J (ue+1) from below

— Compute lifting Ty41 ~ upy1 of ug:

Ansatz: Local state liftings i, € Pp(T 1) N H' (wa)

- 1 ~a ~a .
U1 = dr1 Upyr, Uppr = argmin «7|wa(V£+1)
acVy, Ver1€VY 44
Vo41= Up on Ow,a

> Nonlinear, inhomogeneous local Dirichlet-problem (local energy minimization)

Domain 2 / mesh T, Subdomain w, / mesh 7, Local refinement 7,7, (1 NVB)
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A localized lower bound estimator n,
Local energy minimization

Task: Given the refinement 7; — To41, estimate J (u¢) — J (ue+1) from below

— Compute lifting Ty41 ~ upy1 of ug:

Ansatz: Local state liftings i, € Pp(T 1) N H' (wa)
o — 1 ~a ~a o .
Upyq = gl Upyq, Upyq == argmin T, (Vet1)
acVy, Ver1€VY 44
Vo4 1= Up on Qwy

> Nonlinear, inhomogeneous local Dirichlet-problem (local energy minimization)
> One has the localized estimator

T (ue) = T(uerr) > T(ue) — T (Oeg1) (= n,, computable)
> > (d+1)7 (T, () = T, (@41))  (computable & localized).
acVy ::QFOC :Zﬂj

Part Il: Application to flux, residual and energy descent estimators Benjamin Zurich, Lukas Renelt
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lrezia

Discrete efficiency
Sufficient / practical refinement conditions

FONES

Reminder: Contraction requires localized upper/lower bounds and discrete efficiency 7] < Ci nz.

Observation: This poses a requirement on the amount of refinement

Insufficient local refinement, no new degrees of freedom introduced, ﬁ? =0

Part Il: Application to flux, residual and energy descent estimators Benjamin Zurich, Lukas Renelt 19



lrezia

Discrete efficiency
Sufficient / practical refinement conditions

FONES

Reminder: Contraction requires localized upper/lower bounds and discrete efficiency 7] < Ci nz.

Observation: This poses a requirement on the amount of refinement

Insufficient local refinement, no new degrees of freedom introduced, ﬁ? =0

Part Il: Application to flux, residual and energy descent estimators Benjamin Zurich, Lukas Renelt 19



lrezia

Discrete efficiency
Sufficient / practical refinement conditions

FONES

Reminder: Contraction requires localized upper/lower bounds and discrete efficiency 7; < Ciu 1.

Observation: This poses a requirement on the amount of refinement

Sufficient local refinement, INP fulfilled, theoretically guaranteed disc. eff.
Interior node property (INP): The refinement must introduce an interior node on each element and on each

internal face
> Allows for theoretical proof of discrete efficiency (based on discrete bubble functions)
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Discrete efficiency
Sufficient / practical refinement conditions

FONES

Reminder: Contraction requires localized upper/lower bounds and discrete efficiency 7; < Ciu 1.

Observation: This poses a requirement on the amount of refinement

Sufficient local refinement, INP fulfilled, theoretically guaranteed disc. eff.

Interior node property (INP): The refinement must introduce an interior node on each element and on each
internal face

> Allows for theoretical proof of discrete efficiency (based on discrete bubble functions)

> For our estimators: Ciy = C(d, k7, p) (infxcw, {p(Vue, Vigs1)})
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lrezia

Discrete efficiency
Sufficient / practical refinement conditions

FONES

Reminder: Contraction requires localized upper/lower bounds and discrete efficiency 7; < Ciu 1.

Observation: This poses a requirement on the amount of refinement

Sufficient local refinement, a posteriori verified disc. eff.

Interior node property (INP): The refinement must introduce an interior node on each element and on each
internal face

> Allows for theoretical proof of discrete efficiency (based on discrete bubble functions)
> For our estimators: Ci¢ = C(d, k7, p) (infrew, {p(Vue, Viigr1)}) *
INP can be avoided by an adaptive approach [Chaumont-Frelet, Dong, Gantner, Vohralik, '26]

Part Il: Application to flux, residual and energy descent estimators Benjamin Zurich, Lukas Renelt 19



Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

. -1
J(uer) =TI () _ _L o Cioc Clesr
T —aw = g S Al

For our estimators:
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Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

. -1
J(uer) =TI () _ _L o Cioc Clesr
T —aw = g S Al

For our estimators:
> Choe = (d + 1) sup,, {p(Vur,o0)}
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Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

. -1
J(uet1) — I (v) 1, Cioc Cietr
e < —= < 1-94 Lloc “deff
T —Jw) = T i, | Co
For our estimators:

> Eﬁ:»c = (d + 1) Supwa{ﬁ(vufv 0'@)}
> C = (d+1)

—loc
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Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

. —1
T (ues1) — I (v) o, 1— Cioc Clesr
ORI A U A

For our estimators:
> Coc = (d + 1) sup,, {p(Vur, 00)}
> Cho=(d+1)"

Cierr = C(d. 57, p) (infuo, {p(Vte, Vites1)}) ™"

Part Il: Application to flux, residual and energy descent estimators
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Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

T (ugs1) — T (u) n 0 sup,, {A(Vue,00)} |\ 7'
T —dw = 7% = ' @rrcmra (a?/a(e{infua{ﬁ(VUszﬂm)}})

For our estimators:
> Croc = (d + 1) sup,, {5(Vue, o0)}
> Cho=(d+1)"

> C:eff = C(d7 RT, P) (infwa {ﬁ(vul7 Va@Jrl)})_l

> Computable from Vue, Vigy1 and oy locally on
wa!
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Locality of constants
Contraction bound using flux 4+ energy estimator

Reminder: Abstract contraction bound

T (ugs1) — T (u) n 0 sup,, {A(Vue,00)} |\ 7'
T —dw = 7% = ' @rrcmra (a?%{infua{ﬁ(VUz,Vﬂm)}})

For our estimators:

—a - . . .

> Cioc = (d + 1) sup,, {p(Vue,00)} Bounded by computable local nonlinearity ratio
(visualization on next slide)

> C2 = (d+1)7!

—loc

supsca max{¢"(s),a(s)}

> Cir = C(d, 17, p) (infu, {p(Vue, Viier1)}) ™ R (wa) = infsera min{¢’'(s), a(s)}
> Computable from Vue, Vigy1 and oy locally on
wa!

> Allows to assess robustness a posteriori
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Locality of constants
Visualization for kink-nonlinearity

Question: How does the local ratio R,i(wa) behave?

. _ 9" (s)
Here: Rni(wa) = maxscre ;5
/1
ac |
-
,
/ a(s)
/
/
an -
‘ s
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Locality of constants

Visualization for kink-nonlinearity

Question: How does the local ratio R,i(wa) behave?

Nz
Here: Rni(wa) = maxscjo 2

ac |

a(s)

adm

Ivudwa
t

So
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Visualization for kink-nonlinearity

Question: How does the local ratio R,i(wa) behave?

Nz
Here: Rni(wa) = maxscjo 2

ac |

a(s)
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So
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Locality of constants
Visualization for kink-nonlinearity

Question: How does the local ratio R,i(wa) behave?

Here: Rni(wa) = maxsesa a(S)

ac |

am —

|VU[|wa

So

Part Il: Application to flux, residual and energy descent estimators
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Locality of constants
Visualization for kink-nonlinearity

Question: How does the local ratio R,i(wa) behave?

. _ 9" (s)
Here: Rni(wa) = maxscre ;5
/1
ac |
-
,
/ a(s)
/
/
an -

Part Il: Application to flux, residual and energy descent estimators

FONES

Asymptotically (under refinement):
> w, — {a}
> Vi = [Vl
> [A7 (oo)| = [V

Exponential nonlinearity

Benjamin Zurich, Lukas Renelt
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Discrete reliability of the flux estimator
Additional condition for optimality

The flux estimator nsux,e is discretely reliable with local constants, i.e. there holds for an arbitrary refinement 7\2
of T¢ that

j(ul) - J(al) S Z C:rel EIaac nﬁux,b
acV}(Sp)

The constant C§,., again scales like a patch-local nonlinearity strength.

Remark: Discrete reliability for other estimators from chain of local hierarchy of contributions
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A localized lower bound estimator n,
Alternative linear approach

Task: Given the refinement 7y — Tr+1, estimate J(u¢) — J (u¢+1) from below:

T (ue) — T (ues1) > T (ue) — T (leg1) (te+1 minimizer).
> find lifting Uy4+1 = upy1 of up!
Ansatz: Find local residual liftings i’ ; € V[, ; N Hg (wa) such that

(VrZH, VV5+1)wa = (f, Vg+1)wa — (A(VU@), VV€+1)w,-, for all Vo1
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A localized lower bound estimator n,
Alternative linear approach

Task: Given the refinement 7y — Tr+1, estimate J(u¢) — J (u¢+1) from below:

T (ue) — T (ueg1) > T (ue) — T (Ues1) (te+1 minimizer).
> find lifting Uy4+1 = upy1 of up!
Ansatz: Find local residual liftings i’ ; € V[, ; N Hg (wa) such that
(Vri, Vves)w, = (Fyver1)w, — (A(Vue), Vvest)w, for all vet1

> Linear, homogeneous local Dirichlet-problem
> We show that there holds

n:nergy,ﬁ - jwa(ul)_jwa(ag+1) 2 %HV";+1||§;,., = nl'aeslift,f'

> BUT: no global lifting ¢4 1
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Algorithms using one estimator

o

Reminder: Hierarchy in local contributions

a a a a
Tllux, ¢ < Tres, ¢ S Tlreslift, ¢ S Tlenergy, ¢+ (16)
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Algorithms using one estimator

Reminder: Hierarchy in local contributions

<

a < a < a a
Tlflux, £ ~ Tlres, 2 ~ Tlreslift,¢ ~ nenergy,é .

Observation: All estimators are both upper and lower bounds!
> Localization constants a‘zc, C? might be not computable anymore

—loc

» Correct marking strategy required

Part Il: Application to flux, residual and energy descent estimators

FONES
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Algorithms using one estimator

FONES

Reminder: Hierarchy in local contributions

a a a a
Tllux, ¢ < Tres, ¢ S Tlreslift, ¢ S Tlenergy, ¢+ (16)

Observation: All estimators are both upper and lower bounds!

> Localization constants a‘zc, C? might be not computable anymore

—loc

» Correct marking strategy required

Example 1: Using only 7qux.¢

> Lower bound implicitly given as

ju _ju Z d+171 :ner Z d+1*1€'6 aux'
( Z) ( £+1) Z ( ) Tlenergy ¢ Z ( ) Tlux, £

ac M, ac M,y

> Recovers standard flux-based AFEM (similar for residual estimators)
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Algorithms using one estimator

FONES

Reminder: Hierarchy in local contributions

a a a a
nflux,Z 5 nres,f 5 nreslift,l S nenergy,é- (16)

Observation: All estimators are both upper and lower bounds!

> Localization constants Cj., C? might be not computable anymore

loc

> Correct marking strategy required

Example 2: Using only 7energy, ¢

> |If the lower bound is computed for all vertices, it also implicitly yields an upper bound
> Recovers variational adaptivity [Heid,Wihler, '18] / Sobolev gradient flow [Heid,Houston,Stamm,Wihler, '24]

> |dea of the algorithm: Compute expected energy decrease everywhere, standard bulk-chasing criterion and
only accept those refinements

Part Il: Application to flux, residual and energy descent estimators Benjamin Zurich, Lukas Renelt 24



Conclusion & outlook
Part Il

Discussed estimators:

> Upper bound based on linear local flux equilibration
> Lower bound from nonlinear local energy minimization
> Residual estimators and residual liftings also fit the framework

Algorithms:

> Two estimators: allows for adaptive patch refinement step (avoiding INP)
One upper bound estimator: standard AFEM (fluxes/residuals)

| 4
> One lower bound estimator: energy descent method/ variational adaptivity
> We prove: All methods contract the energy difference with optimal rate

Summary Benjamin Zurich, Lukas Renelt 25
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Part Il

Discussed estimators:

> Upper bound based on linear local flux equilibration
> Lower bound from nonlinear local energy minimization
> Residual estimators and residual liftings also fit the framework

Algorithms:
> Two estimators: allows for adaptive patch refinement step (avoiding INP)
One upper bound estimator: standard AFEM (fluxes/residuals)

| 4
> One lower bound estimator: energy descent method/ variational adaptivity
> We prove: All methods contract the energy difference with optimal rate

Outlook
> Upcoming preprint! Also including data oscillation in the flux for p > 1

> Estimators for more general convex potentials (e.g. p-Laplacian / ¢-Laplacian)
— nonlinear localization of the flux equilibration?
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Conclusion & outlook
Part Il

Discussed estimators:
> Upper bound based on linear local flux equilibration
> Lower bound from nonlinear local energy minimization
> Residual estimators and residual liftings also fit the framework

Algorithms:
> Two estimators: allows for adaptive patch refinement step (avoiding INP)
One upper bound estimator: standard AFEM (fluxes/residuals)

'S
> One lower bound estimator: energy descent method/ variational adaptivity
> We prove: All methods contract the energy difference with optimal rate

Outlook
> Upcoming preprint! Also including data oscillation in the flux for p > 1

> Estimators for more general convex potentials (e.g. p-Laplacian / ¢-Laplacian)
— nonlinear localization of the flux equilibration?

Thank you for your attention!

Summary

FONES

Benjamin Zurich, Lukas Renelt
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Data oscillation
Right-hand side f and flux function A

Three kinds of oscillation terms occur:

m Classic data oscillation:

(id = IIp ) (f) (17)
Vanishes for f € P,(70) piecewise polynomial
m Oscillation in the flux:
(id — T 1)) (A(Vue)) (18)
Vanishes for polynomial degree p = 1
m Discrete oscillations:
I, e (7 F) — T, qef, ,,(VY? - A(Vue)) — Vip© - HE,TM(A(VUZ)) (19)
(I, 0 =T, 0, )(f = V-A(Vur)), (IS, =T}, ) (A(Vur)) (20)

Vanish for f € P,—1 and p > 2
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